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I Abstract 

, A new purely algebraic algorithm is presented for computation of invariants (generalized Casimir 

D ' operators) of Lie algebras. It uses the Cartan's method of moving frames and the knowledge of 

the group of inner automorphisms of each Lie algebra. The algorithm is applied, in particular, 
CO ' to computation of invariants of real low-dimensional Lie algebras. A number of examples are 

I calculated to illustrate its effectiveness and to make a comparison with the same cases in the 

literature. Bases of invariants of the real solvable Lie algebras up to dimension five, the real 
six-dimensional nilpotent Lie algebras and the real six-dimensional solvable Lie algebras with 
\^ • four-dimensional nilradicals are newly calculated and listed in tables. 
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Real low-dimensional Lie algebras are finding numerous applications in many parts of mathematics 
and physics. Although a substantive review of these efforts would be desirable, it is well beyond 
the scope of the present article. Such applications provide a general motivation for this work. 
Result of a smaller and more specific problem, namely classification of isomorphism classes of 
low-dimensional algebras, is the playground and test bed for the method proposed in this article, 
although our method is not constrained to such Lie algebras only (see Example 6 below). 

Many authors encountered the need to use a list of isomorphism classes of the low-dimensional 
real Lie algebras. In various degrees of completeness, such lists are available in the literature 
[X^^ [SlElIiaEIlEaEIlIMlESlEelEIlEaiM^ BTj B] (for review of results on classification of low- 



^ I dimensional algebras see Table 1 in preprint math-ph/0301029v7). Unfortunately, it is a laborious 



and thankless task to unify and correct these lists. Number of entries in such lists rapidly increases 
with growing dimension, even if each parameter-dependent family of non-isomorphic Lie algebras is 
counted as a single entry. Indeed, different choices of bases of the algebras and ranges of continuous 
parameters, not mentioning occasional misprints and errors, make it difficult to compare such 
results. Rigorously speaking, the problem of classification of (solvable) Lie algebras is wild since it 
includes, as a subproblem, the problem on reduction of pairs of matrices to a canonical form |I9] . 

The goal of this paper is to introduce an original method for calculating invariant operators 
("generalized Casimir operators") of the Lie algebras. In our opinion its main advantage is in that 
it is purely algebraic. Unlike the conventional methods, it eliminates the need to solve systems 
of differential equations, replacing them by algebraic equations. Efhcient exploitation of the new 
method imposes certain constraints on the choice of bases of the Lie algebras. That then automat- 
ically yields simpler expressions for the invariants. In some cases the simplification is considerable. 

The interest in finding all independent invariants of the real low-dimensional Lie algebras was 
recognized a few decades ago [U HJ [HI [Ml [Ml [45]. Let us point out that invariants, which are 
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polynomial operators in the Lie algebra elements, are called here the Casimir operators, while 
those which are not necessarily polynomials are called generalized Casimir operators. 

At present it looks impossible to construct theory of generalized Casimir operators in the general 
case. There are, however, quite a few papers on properties of such operators, on estimation of their 
number, on computing methods and on application of invariants of various classes of Lie algebras, 
or even a particular Lie algebra which appears in physical problems. In particular, functional bases 
of invariants were calculated for all three-, four-, five-dimensional and nilpotent six-dimensional 
real Lie algebras in |31] . The same problem was considered in [27] for the six-dimensional real Lie 
algebras with four-dimensional nilradicals. In |32) the subgroups of the Poincare group together with 
their invariants were found. The unique (up to independence) Casimir operator of the unimodular 
affine group 5*^(4, M) which appears, along with the double covering group SA(4:, R), as a symmetry 
group of the spectrum of particles in various gravity-related theories (metric-affine theory of gravity, 
particles in curved space-time, QCD-induced gravity effects on hadrons) is calculated in [20] and 
then applied to explicit construction of the unitary irreducible representations of 5^(4, R). 

Existence of bases consisting entirely of Casimir operators (polynomial invariants) is important 
for the theory of generalized Casimir operators and for their applications. It was shown that it is 
the case for the nilpotent and for perfect Lie algebras [1]. A Lie algebra A is perfect if [A, A] = A; 
the derived algebra equals A. (Let us note that the same name is also used for another class of 
Lie algebras [18j.) Properties of Casimir operators of some perfect Lie algebras and estimations for 
their number were investigated recently in [10\ [TT\ [29] . 

Invariants of Lie algebras with various additional structural restrictions are also found in the 
literature. Namely the solvable Lie algebras with the nilradicals isomorphic to the Heisenberg 
algebras [41j, with Abelian nilradicals [281 130] . with nilradicals containing Abelian ideals of codi- 
mension 1 [32] , solvable triangular algebras 03] , some solvable rigid Lie algebras [HI [9] , solvable Lie 
algebras with graded nilradical of maximal nilindex and a Heisenberg subalgebra [2\. 

In ^8] the Casimir operators of a number of series of inhomogeneous classical groups were 
explicitly constructed. The applied method is based on a particular fiber bundle structure of the 
generic orbits generated by the coadjoint representation of a semidirect product. 

In this paper, after short review of necessary notions and results, we formulate a simple algo- 
rithm for finding the generalized Casimir operators of Lie algebras. The algorithm makes use of the 
Cartan's method of moving frames in the Fels-Olver version ([16^il7j and reference therein). It dif- 
fers from existing methods in that it allows one to avoid integration of systems of partial differential 
equations. Then six examples are described in detail. They are selected to illustrate various aspects 
of our method. Finally we present a complete list of corrected and conveniently modified bases of 
invariants of the real solvable Lie algebras up to dimension five, the real six-dimensional nilpotent 
Lie algebras and the real six-dimensional solvable Lie algebras with four-dimensional nilradicals. 

2 Preliminaries 

Consider a Lie algebra A of dimension dim^ = n < oo over the complex or real field and the 
corresponding connected Lie group G. The results presented in this paper refer to real Lie algebras. 
Any (fixed) set of basis elements ei, . . . , e„ of ^ satisfies the commutation relations 

where c^^ are components of the tensor of structure constants of A in the chosen basis. Hereafter 
indices z, j and k run from 1 to n and we use the summation convention for repeated indices. 

To introduce the notion of invariants of a Lie algebra, consider the dual space A* of the vector 
space A. The map Ad* : G — t- GL{A*) defined for any g G G by the relation (Ad*/, a) = (/, Ad^-ia) 
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for all / £ ^* and a € A is called the coadjoint representation of the Lie group G. Here Ad: G — t- 
GL{A) is the usual adjoint representation of G in A, and the image Ad^ of G under Ad is the 
inner automorphism group Int(A) of the Lie algebra A. The image of G under Ad* is a subgroup 
of GL{A*) and is denoted by Ad^. 

A function F G C°°{A*) is called an invariant of Ad^ if F(Ad*/) = F{f) for all 5 G G and 

feA*. 

Our task here is to determine the basis of the functionally independent invariants for Ad^ and 
then to transform these invariants to the invariants of the algebra A. Any other invariant of A is 
a function of the independent ones. 

Let X = (xi, . . . ,Xn) be the coordinates in A* associated with the dual basis to the basis 
ei,...,en- Any invariant F(xi, . . . ,Xn) of Ad^ is a solution of the linear system of first-order 
partial differential equations, see e.g. [4} [T| [36]. 

XiF = 0, i.e. 4xfeF^^. = 0, (1) 

where Xi = c^jX^dx^ is the infinitesimal generator of the one-parameter group {Ad^(exp eej)} 
corresponding to ej. The mapping Cj — )• Xi gives a representation of the Lie algebra A. It is 
faithful iff the center of A consists of zero only. 

It was noted already in |3l[35] that the maximal possible number Na of functionally independent 
invariants F\xi, . . . ,Xn), 1 = 1,... , Na, coincides with the number of functionally independent 
solutions of system ([T]) . It is given by the difference 

Na = dim A - rank A. (2) 

Here 

rankyl = sup rank (cijXk) i'j=i ■ 

{xi,...,x„) 

The rank of the Lie algebra ^ is a bases-independent characteristic of the algebra A. An interpre- 
tation of Na from the differential form point of view can be found in |12j . 

Given any invariant F{xi, . . . ,Xn) of Ad^, one finds the corresponding invariant of the Lie 
algebra A as symmetrization, SymF(ei, . . . , e„), of F. It is often called a generalized Casimir 
operator of A. If F is a polynomial, SymF(ei, . . . , e„) is a usual Casimir operator. More precisely, 
the symmetrization operator Sym acts only on the monomials of the forms e^^ ■ ■ ■ e^^ , where there 
are non-commuting elements among , . . . , e^^ , and is defined by the formula 

Sym(ei, • • • ei J = ^ ^ ■ ■ ■ , 

where ii, . . . ,ir take values from 1 to n, r G N, the symbol Sr denotes the permutation group of r 
elements. 

The sets of invariants of Ad^; and invariants of A are denoted by Inv(AdQ) and lnv{A), respec- 
tively. A set of functionally independent invariants F\xi, . . . , 1 = 1,..., Na, forms a functional 
basis (fundamental invariant) of Inv(AdQ), i.e. any invariant F{xi,... be uniquely pre- 

sented as a function of F {xi, . . . , x^ ), 1 = 1,..., Na. Accordingly the set of SymF'(ei, . . . , e„), 
1 = 1,..., Na, is called a basis of Inv(^). 

If the Lie algebra A is decomposable into the direct sum of Lie algebras Ai and A2 then the 
union of bases of Inv(yli) and Inv(^2) is a basis of lnv{A). Therefore, for classification of invariants 
of Lie algebras from a given class it is really enough for one to describe only invariants of the 
indecomposable algebras from this class. 
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3 The algorithm 



The standard method of construction of generahzed Casimir operators consists of integration of 
the system of hnear differential equations ([T]). It turns out to be rather cumbersome calculation, 
once the dimension of Lie algebra is not one of the lowest few. Alternative methods use matrix 
representations of Lie algebras, see e.g. ^13\. They are not much easier and are valid for a limited 
class of representations. 

The algebraic method of computation of invariants of Lie algebras presented in this paper is 
simpler and generally valid. It extends to our problem the exploitation of the Cartan's method of 
moving frames \16\ [T7] . 

Let us recall some facts from |161ll7j and adapt them to the particular case of the coadjoint action 
of G on Let A = Ad^ x A* denote the trivial left principal Ad^-bundle over A*. The right 
regularization R of the coadjoint action of G on A* is the diagonal action of Adg- on ^ = Ad^ x A*. 
It is provided by the maps 

i^,(Ad;;,/) = (Ad^Ad;_„Ad*/), g,heG, feA*, 

where the action on the bundle A = Ad^ x A* is regular and free. We call Rg the lifted coad- 
joint action of G. It projects back to the coadjoint action on A* via the Ad^-equivariant pro- 
jection TTA* : A A*. Any lifted invariant of Adg- is a (locally defined) smooth function from A 
to a manifold, which is invariant with respect to the lifted coadjoint action of G. The function 
I: A A* given by I = I(Ad*, /) = Ad*/ is the fundamental lifted invariant of Adg, i.e. I 
is a lifted invariant and any lifted invariant can be locally written as a function of I. Using an 
arbitrary function F(f) on A*, we can produce the lifted invariant F oX oi Adg by replacing / 
with X = Ad*/ in the expression for F. Ordinary invariants are particular cases of lifted invariants, 
where one identifies any invariant formed as its composition with the standard projection tta*- 
Therefore, ordinary invariants are particular functional combinations of lifted ones that happen to 
be independent of the group parameters of Ad^. 

In view of the above consideration, the proposed algorithm for construction of invariants of Lie 
algebra A can be briefly formulated in the following four steps. 

1. Construction of generic matrix B{9) of AcIq. It is calculated from the structure constants 
of the Lie algebra by exponentiation. B{6) is the matrix of an inner automorphism of the Lie 
algebra A in the the given basis ei, . . . , Cn, 9 = {0i, . . . ,6r) are group parameters (coordinates) 
of Int(A), and 

r = dimAdf; = dimlnt(74) = n — dimZ(74), 

Z(A) is the center of A. Generally that is a quite straightforward problem if n = dimyl is a small 
integer, and it can be solved by means of using symbolic calculation packages (we have used 
Maple 9.0). Computing time may essentially depend on choose of basis of the Lie algebra A. 

2. Finite transformations. The transformations from Ad^ can be presented in the coordinate 
form as 

(Xi, . ..,Xn) = (Xi, . ..,Xn)- B{9i, . . .,9r), (3) 

or briefly x = x ■ B{6). The right-hand member x ■ B{9) of equality ^ is the explicit form of the 
fundamental lifted invariant X of Ad^ in the chosen coordinates {9,x) in Adg x A*. 

3. Elimination of parameters from system ([3]). According to [iHlllTj, there are exactly Na inde- 
pendent algebraic consequences of which do not contain the parameters 9 (0-free consequences). 
They can be written in the form 

F\xi,...,Xn) = F\xi,...,Xn), 1 = 1,...,Na. 
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4. Symmetrization. The functions F^{xi, . . . ,Xn) which form a basis of Inv(Ad^), are sym- 
metrized to SymF'(ei, . . . , e„). It is desired a basis of Inv(A). 

Let us give some remarks on steps of the algorithm. 

In the first step we use second canonical coordinates on Int^ and present the matrix B{9) as 

r 

S(0) = nexp(0.ade_^J, (4) 

where ei, . . . , Cn-r are assumed to form a bases of Z{A); ad^ denotes the adjoint representation of 
v&A'm GL{A): ad^w = [v, w] for all wgA, and the matrix of ad„ in the basis ei, . . . , e„, is denoted 
as ad^. In particular, ade, = (cf^)^^^]^. Sometimes the parameters 9 are additionally transformed 
in a light manner (signs, renumbering etc) for simplification of final presentation of B(9). 

Since B{9) is a general form of matrices from Int^, we should not adopt it in any way for the 
second step. 

In fact, the third step of our algorithm involves only preliminaries of the moving frame method, 
namely, the procedure of invariant lifting [Ml H?]. Instead, other closed techniques can be used 
within the scope of the moving frame method, which are also based on using an explicit form of 
finite transformations ([3]). One of them is the normalization procedure I17j. Following it, we 
can reformulate the third step of the algorithm. 

3'. Elimination of parameters from lifted invariants. We find a nonsingular submatrix 
d{Ij„...,Ij^) 



d{9ki, ■ ■ ■ ,9 



{p = rank^) 



in the Jacobian matrix dX/d9 and solve the equations Xj^ = ci, Xj^ = Cp with respect to 
9k, , ■ ■ ■ , 9i. . Here the constants chosen to lie in the range of values of Xj-^, . . . , Xj^ . 

After substituting the found solutions to the other lifted invariants, we obtain Na = n — p usual 
invariants F\xi, . . . , rE„). 

In conclusion, let us underline that the search of invariants of the Lie algebra A, which has been 
done by solution of system PDEs ([1]), is replaced here by construction of the matrix B(9) of inner 
automorphisms and by excluding the parameters 9 from the algebraic system ([3]) in some way. 



4 Exploitation of the algorithm 

The six examples shown in this Section are selected to give us an opportunity to make important 
comments and comparison with analogous results elsewhere. The Lie algebras are of dimension 
four, five and six in examples 1-5 and of general finite dimension in the last example. In some cases 
the algebras contain continuous parameters, hence they stand for continuum of non-isomorphic Lie 
algebras. For each algebra only the non-zero commutation relations are shown. 

Let us point out that simplicity of the form of invariants as well as simplicity of computation 
often depend on the choice of bases of Lie algebras. The idea of an appropriate choice of bases for 
solvable Lie algebras consists in making evident the chain of solvable subalgebras Ai = (ei , . . . , Cj) of 
ascending dimensions, such that Ai is an ideal in i — 1, . . . , ?i. — 1. The above basis 6i, • . . , e-n 

is called ii'-canonical one [23] which corresponds to the composition series K = {Ai,i = 1, . . . , n}. 
/C-canonical bases corresponding to the same composition series K are connected to each other via 
linear transformations with triangular matrices. In particular, we needed to modify bases of solvable 
Lie algebras in classification of nilpotent six-dimensional Lie algebras [23] and in classification of 
six-dimensional Lie algebras with four-dimensional nilradical [44] . 

Other criteria of optimality of bases can be used additionally. 
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Example 1. The Lie algebra in this example is one of the complicate ones among four-dimensional 
solvable Lie algebras. On this example we shown all details of our method. 
The non-zero commutation relations are the following 

[61,64] = aei, [62,641=662-63, [63,64] = 62 + 663, a > 0, 6 € M. 



It is the Lie algebra A^'^ in [Ml EB [Ml EH] . According to (l2|), we have Na = 2, i.e. the algebra A^'q 
has two functionally independent invariants. The matrices of the adjoint representation adg. of the 
basis elements 61, 62, 63 and 64 correspondingly have the form 



/ a \ 





V / 



/ \ 

6 

-1 

V y 



/ \ 

1 

6 

V / 



/ -a 

-6 

1 

V 



\ 

-1 

-6 

/ 



The product of their exponentiations is the matrix B of inner automorphisms of the first step 
of our algorithm 



i=l 



( 6'^^' 




V 





6^^* COS 6*4 





6^^* sin 6*4 



-6^'^4sin6'4 e^'^^ cos 6 4 











-6^2 - 0?. 
h - 603 
1 



Substitution B{6) into system ^ yields the system of linear equations with coefficients depending 
explicitly on the parameters 9i, 62, O3 and 64 



Xl 

X3 
X4 



xie 



X2 COS 04 — a;3 sm 04) 



6 *'(X2 sin 04 + X3 COS ^4), 

-axiOi - X2{be2 + 93) + X3{e2 



X4. 



Combining the first three equations of the system, one gets 



~2 I ~2 
X2 "T X^ 



p26e4 



(^2 + ^3)' 



X3 
X2 



X3 



tan arctan — + U4 

V X2 



Finally, obvious further combinations lead to the two 0-free relations 



x\ 



{xi + xi 



{xl + xlY' 



(x2 + X3) exp ( —26 arctan — 



(x\ + x|) exp 



-26 arctan 



X3_ 
X2 



Symmetrization of two expressions does not require any further computation. Consequently, we 
have our final results: the two invariants 



^1 



and 



[e\ + 6i) exp 



-26 arctan — 

62 



which form a basis of Inv(A4g). It is equivalent to the one constructed in [3T], but it contains no 
complex numbers. 
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Example 2. The solvable Lie algebra ^5.27 [251 [3T] has the following commutation relations 



[63,64] = ei, [61,65] =61, [62,65] = 61 + 62, [63,65] = 62 + 63. 

Here we have modified the basis to the JC-canonical form [241 . i.e. now (61, . . . ,6j) is an ideal in 
(61, ... , 6i, 6j+i) for any i = 1,2, 3, 4. The inner automorphisms of ^5.27 are then described by the 
triangular matrix 



/ 


6^^ 


056^5 


(04 + h(^l)e'^' 


^3 


01 + 


92 \ 









056^5 





02 + 


h 










6^5 





03 















1 







V 














1 


) 



Combining the first and the second equations of the corresponding system ([3D, we can exclude the 
parameter ^5 and obtain the relation 

( ( 

xi exp = xi exp . 

Since Na = 1, there are no other possibilities for construction of 0-free relations. As a result, we 
have the basis of Inv(^5.27), which consists of the unique element 



61 exp 




Example 3. The solvable Lie algebra ^5.36 [251 [3T] is defined by the commutation relations 

[62,63] = 61, [61,64] =61, [62,64] = 62, [62,65] = -62, [63,65] =63. 
System ([3]) for ^5.35 has the following form 

Xl = Xl6^*, 

X2 = -Xldze^^e^" + X26^*6^5^ 

X3 = x\Q2&^^'' + x-ie~^'\ 

X4 = Xi0i + X202 + X4, 

X5 = X10203 - X202 + X36'3 + X5. 

We multiply the second and third equations and divide the result by the first equation. Then 
adding the fifth one, we get 

~ , X2X3 X2X3 
X5 + — : — = X5-\ . 

Xl Xl 

Therefore, the right-side member of the latter equality gives an invariant of coadjoint representation 
of the Lie group corresponding to A5.36. It is unique up to functional independence since Na = 1. 
After symmetrization, which is quite non-trivial here in contrast to the other examples, we obtain 
the basis of Inv(^5.36), formed by the single invariant 

, 6263 + 6362 
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Example 4. The six-dimensional Lie algebra Nq\q [33] is given by the following commutation 
relations 



[62,65] = ei, [63,65] = aes + 64, [64, 65] = -63 + 064, 

[61,65] = 61, [62,66] =61, [63,65] = 663, [64,66] = 664, a,b£R. 

For unification with the Mubarakzyanov classification of Lie algebras of dimensions no greater 
then 4 and simplicity of our calculations, we have changed numbering of the basis elements in 
comparison with j44) . 

The inner automorphisms of N^\q are defined by the block triangular matrix 



B{e) = 



( 


6^« 


056^6 








92 


ei 


\ 


















02 












gaes+bSe cos 05 




a03 - 04 


603 














gaes+fces cos 05 


6*3 + aOi 


604 


















1 







V 

















1 


/ 



i.e. the corresponding system ([3]) has the form 

xi = e^^xi, 

X2 = 0rse^''xi + e^''X2, 

X3 = +666 cos 05 + 2:4 sin 05 ) , 

X4 = e'^'^s+bee g- ^ 0^-^^ 

^5 = ^22:1 + {aO^ - 04)X3 + (03 + a04)x4 + X5, 
X6 = BiXi + 02X2 + 603X3 + 604X4 + Xg. 

Obviously only the parameters 05 and 06, present in the first four equations, can be eliminated. 
Namely, the expressions of 05 and 06 from the first and second equations are substituted into the 
third and fourth equations. It leads to two 0-free relations defining the invariants: 

X2 X4, X2 X4 

h arctan — = h arctan — . 

Xl X3 Xl X3 

The symmetrization procedure is trivial in this case. As a result, we have the basis of invariants 
for the Lie algebra Nq\q 

^ „, ^ exp ( —2a — I , h arctan — . 

ef V 61/ 61 63 

It is equivalent to the invariants found in [27J but is written in much simpler form. 

Example 5. The commutation relations of the solvable Lie algebra of -/Vg 25 [S| need first to be 
corrected. Their version in [44J contains misprints. After that we get 

[62, 65] = a62, [63, 65] = 64, [64, 65] = -63, 

[62,65] = 662, [63,65] = 63, [64,65] = 64, [65,65] = 61, a,b£R, a^ + 6^/0. 
As in Example 4, we have suitably renumbered the basis elements. 
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After computing the inner automorphism group of 25' system ([3]): 



X2 = 

X3 = e^^ (x3 cos 04 + X4 sin ^4), 
X4 = e^^ (— 2:3 sin 04 + X4 cos ^4), 
X5 = 05X1 + a0iX2 - 03a:;3 + 023^4 + X5, 
X6 = -04a;i + 601X2 + 02X3 + 03X4 + xe- 



(5) 



Here the parameter 0j correspond to e^+i, z = 1, . . . , 5. The number Na of independent invariants 
of A'^g 25 equals 2. It is obvious that ei generating the center Z{N^\^) is one of the invariants. The 
second invariant is found by ehmination of 04 and 05 from the second, third and fourth equations 
of system ([5]): 



(Xo + X4 1" / X4 

■ exp 2a arctan — 



X, 

exp la arctan — 

xz 



Therefore, we have the following basis of Inv(A''f 



ah \ 
6.25 J 



2\b 



ei, 



■ exp I 2a arctan — 

63 



The three examples above show that, even for higher dimensional algebras of relative complicated 
structure, our method admits hand calculations, provided convenient bases are used. 

Example 6. In this example the Lie algebra is of general dimension n < 00. Consider a class 
formed by Lie algebras of finite dimensions without an upper bound, namely by the nilpotent 
Lie algebras nn,i, n = 3, 4, . . ., with the (n — l)-dimensional Abelian ideal (ei, 62, • • • , &n-\)- The 
non-zero commutation relations of n„ 1 have the form 



[efejCn] = efc_i, /c = 2, . . . ,n - 1. 
The inner automorphisms of n„^i are described by the triangular matrix 



( 1 








V 



1 /i2 1/33 



1 








'1 9T 



3!' 
1 a2 
2!^1 

01 
















1 an-2 
(n-2)\^\ 
1 an— 3 

1 an-A 



1 




C2 
^3 
04 

^n-l 

1 



\ 



i.e. the complete set of lifted invariants has the form 



k 



n-2 



J 



k = l. 



1, 



-^n — Xyi -\- ^ ^ 6j-\-iXj. 



It is obvious that the basis element ei generating the center of n„^i is one of the invariants 
(Zi = xi). Other (n — 3) invariants are found by the normalization procedure applied to the lifted 
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invariants X2, ■ ■ ■ , In-i- Namely, we solve the equation I2 = with respect to 9i and substitute the 
obtained expression 61 = —X2/X1 to the other X's. To construct polynomial invariants finally, we 
multiply the derived invariants by powers of the invariant xi. Since the symmetrization procedure 
is trivial for this algebra, we get the following complete set of generalized Casimir operators which 
are classical Casimir operators: 



This set completely coincides with the one determined in Lemma 1 of [30j and Theorem 4 of |42] . 

5 Concluding remarks 

It is likely that the moving frame method, combined with knowledge of the groups of inner auto- 
morphisms, will allow one to investigate invariants and other characteristics of special classes of Lie 
algebras, such as solvable Lie algebras with given structures of nilradicals (see Example 6 and [7]). 

In the course of testing our method of computing the bases of invariants, we recalculated invari- 
ants of real low-dimensional Lie algebras available in the literature. A detailed account of this work 
is to be presented elsewhere. More precisely, a complete verified list of invariants and other charac- 
teristics, such as the groups of inner automorphisms of low-dimensional Lie algebras of dimension 
no greater than six, will be presented in [6j. 

The invariants of Lie algebras of dimension 3, 4, 5, as well as nilpotent Lie algebras of dimension 6 
of |31j are correct. Note however, that using our new method, all invariants can be written avoiding 
introduction of complex numbers (cf. Table 1 and [31]). As an illustration, compare Example 1 
above with the case of the Lie algebra A^^^ of [31] ■ The same claims are true for invariants of the 
six-dimensional solvable Lie algebras with five-dimensional nilradials, which are calculated in |14] . 

Our computation of invariants of the six-dimensional solvable Lie algebras with four-dimensional 
nilradials is presented in Table 2. The same algebras were considered in [27]. Besides correcting 
several misprints/errors (for example in the entries A^^^^, A^^.i25 -^6.21' -^6.25) -^6.31; A^6.35 ^^"^ A^g.sg), 
we found that, for most of the algebras, the bases of invariants can be reduced to a simpler form 
just by choosing another (if-canonical) bases of the algebras. 

Contents of Tables. A symbol An.k in the first column of Table 1 denotes the indecomposable 
n-dimensional Lie algebra numbered k in the classifications by Mubarakzyanov [241 [25] if n ^ 5 
or in the classification by Morozov [23] if the algebra is nilpotent and six-dimensional. (This 
algebra numeration slightly differs from that in [31j). Analogously, in the first column the symbol 
from |44j is shown, denoting six-dimensional solvable Lie algebras with four-dimensional nilradials. 
If a symbol has superscripts, it denotes a series of Lie algebras with parameters indicated in the 
superscripts. The parameters a, b, c and d are real. The non-zero commutation relations are in the 
second column. In all cases we have renumbered the basis elements of the algebras in comparison 
with |23[ m] in order to have bases in i^-canonical forms. Bases of invariants are listed in the third 
column. Algebras are collected in correspondence with structure of their nilradicals and centers. 
The algebras Nq i-Nq^iq contain the Abelian nilradicals (~ 4^41) and the centers of dimension zero; 
the algebras A^6.20~A^6.27 have the Abelian nilradicals (~ 4^i) and one-dimensional centers; the 
nilradical of ^"6.28 is isomorphic to ^4,1; the nilradicals of A^6.29-A%.4o are isomorphic to A31 @ Ai. 
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Science Fund (FWF), Lise Meitner project M923-N13. Two of us, V. B. and R. P., are grateful for 
the hospitality extended to us at the Centre de Recherches Mathematiques, Universite de Montreal. 
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Table 1. Invariants of the real indecomposable Lie algebras up to dimension 5 
and nilpotent Lie algebras of dimension 6 



Algebra 


Nonzero commutation relations 


Invariants 


-'li 




Cl 


A2.1 


[ei, 62] 




61 


none 




[e2, 63] 




61 


61 


A3.2 


[ei: 63] 




61, [62, 63] = 61 + 62 


6iexp(-|) 


A3.3 


[61,63] 


= 


61, [62, 63] = 62 


62/61 


^3.4, |a| ^ 1, 


[61,63] 




61, [62,63] = ae2 


6r"62 




a ^0,1 












^3.6, & > 


[61, 63] 
[62, 63] 




bei — 62, 

61 + be2 


(61 + 6^) exp^ — 2&arctan — ^ 


sl(2,E) 


[61, 62] 




61, [62, 63] = 63, [61, 63] = —262 


6163 + 6361 + 26i 


so(3) 


[62, 63] 




61, [63,61] = 62, [61,62] = 63 


6? + 6i + ei 


A4.1 






6l Iprt Pa] = Po 


61, 6| — 26163 


A4..2, a ^ 


[61,64] 


= 


Oei, [62, 64] = 62, [63, 64] =62+63 


62 / 63 \ 

— , 62exp 

61 V 62 / 


^4.3 


[61, 64] 


= 


61, [63, 64] = 62 


62, 61 exp^-^j 


^4.4 


[ei, 64] 
[63, 64] 







61, [62, 64] = 61 + 62, 
62 + 63 


/ 62 \ 6^-26163 


* a,b,c 
^4.5 ' 


[ei, 64] 





aei, [62,64] = 662, [63,64] = 663 


6S e§ 




ahc / 








el ' e\ 




^4.6' 

a > 


[ei, 64] 
[63,64] 


— 


a6i, [62, 64] = 662 — 63, 
62 + 663 


{e% + 63) exp I — 26arctan — ) 

V 62/ 


(61+61)" 


A4.7 


[62,63] 

[62, 64] 


— 

= 


ei. [ei, 64] = 2ei, 

62, [c-.i, 64] = 62 + 63 


none 


Als, H < 1 


[62, 63] 


= 


ei, [ei, 64] = (1 + a)6i. 


only for = —1: 






[62, 64] 


= 


62, [63, 64] = a63 


61, 6263 + 6362 — 26164 




AI9, a^Q 


[62,63] 


= 


61, [ei, 64] = 2a6i, 


only for a = 0: 






[62, 64] 


= 


062 - 63, [63, 64] = 62 + 063 


61, 26164 + 6i +ei 




-'I4.u1 


[<■! •<■■■■! J 


= 


('i. [f:2.f::!] = c->. ^(■i,r4] = —1:2, S2.l:.i\ = (,I 




A5.1 


[63,65] 




61, [64, 65] = 62 


61, 62, 6263 — 6164 


Ar,,2 


[62, 65] 




61, [63,65] = 62, [64,65] = 63 


61, 62 — 26163, 62 + 36^64 — 8616263 


A5.3 


[63,64] 


= 


62, [63, 65] = 61, [64, 65] = 63 


61, 62, ei + 26265 — 26164 


A5.4 


[62, 64] 




61, [63, 65] = 61 


61 


Ar,.T, 


[63,64] 




61, [62,65] = 61, [63,65] = 62 


61 


A5.6 






6l \Pn P^\ = 61 fpQ PkA = PO P/l Pt^\ = Pr> 


61 


Atr, 


[ei.ea] 


= 


61. [62. er,] = 062, [63.65] = 663. 


r-"' f'' r-^' 
< I Ti 61 




ahc ^ 


[_'■■ 4 5 -.J J 




(.T4 


('2 ('4 




Als, 

< |oK 1 


[62,65] 




61, [63,65] = 63, [64,65] = 064 


6S / 62 \ 

61, — , 63 exp 

64 V 61 / 


Aab 
^5.9; 

6 ^ a 


[61,65] 
[63,65] 




61, [62, 65] = 61 + 62, 

063, [64, 65] = 664 


ei e\ / 62\ 
— , — , 61 exp 

63 64 \ 61/ 


^5.10 


[62, 65] 




61, [63,65] = 62, [64,65] = 64 


61, ei - 26163, e4exp^-^^ 


Aliua^O 


[61,65] 
[63,65] 




61, [62, 65] = 61 + 62, 
62+63, [64, 65] = O64 


6? / 62\ 6^-26163 

, 6iexp( 1, 
63 \ 61/ 61 
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Algebra 


Nonzero commutation relations 


Invariants 


A5.12 


[61,65] = 61, [62, 65] — ei + 62, 

[63, 65] = 62 + 63, [64, 65] =63+64 


/ 62\ 6i-26l63 62 + 36?64-36l6263 

^^^"H 61)' 6? ' el 




[61 , 65] = 61 , [62 , 65] = a62 , 

[63, 65] = 663 — C64, [64, 65] = 663 + 664 


et el + el ^ ( , 64 \ 

— , 7^ — , 61 cxp — arctan — 

62 ei V 63 / 


^"14 


[f-'2, f-'s] = f-'l, [63. er,] = «63 - 64, 
[('4, C.i] = C:; — (((^4 


, 2 , 2\ 1^ 62\ 62 64 




[ei, 65] = 61, [62, 65] = 61 + 62. 
[63, 65] = a63, [64, 65] = 63 + a64 


6? / e2\ / e4\ 

— , 61 cxp , 63exp 

63 V 61/ V 63/ 


^5. Hi, b 7^0 


[61, 65] = 61, [62, 65] = 61 + 62, 

[63, 65] = aes — 664, [64, 65] = 663 + 064 


/ 62 \ 63 + e| 62 , 64 
eiexpl 1, , arctan 

\ 61/ ej 61 63 


Al%, c + 


[61, 65] = a6l - 62, [62, 65] = 61 + 062, 
[63, 65] = 663 - 664, [64, 65] = 663 + &64 


(e? + ei) exp (-20 arctan —V 7%v~It;7' 

V 61/ (6§ + 6j)'" 

(63 + ei) exp( — 2- arctan — ) 

V 6 63/ 




[61, 65] = aei - 62, [62, 65] = 61 + 062, 

[es, 65] = 61 + 063 — 64, [64, 65] = 62 + 63 + 064 


/ 2 , 2^ / + '^2\ 6164 - 6263 

(61+62) exp — 2o arctan — , 5 5 — , 

V 61 / 6^ + 62 
, 2 , 2\ ( n 61^3 + 6264 N 

(61 +62) exp ( 2o , , , 1 


Afl9, h + 


[62,63] =61, [61,65] =061, [62,65] =62, 
[63, 65] = (0 - 1)63, [64, 65] = 664 


el 


^5.20 


[62, 63] = 61, [ei, 65] = 062, [62, 65] = 62, 

[63, 65] = (a - 1)63, [64, 65] = 61 + 064 


fc-X L-Xp 1 — Ci 1 

V ei / 


^6.21 


[62,63] = 61, [61,65] = 2ei, [62,65] = 62 + 63, 

[63, 65] = 63 + 64, [64, 65] = 64 


6| 
61 


^6.22 


[62,63] = 61, [62,65] = 63, [64,65] = 64 


61 




[62,63] =61, [61,65] =261, [62,65] = 62 +63, 

[63, 65] = 63, [64, 65] = 064 


e? 
el 


^5.24 


[62, 63] = 61, [61, 65] = 261, [62, 65] = 62 + 63, 
[63, 65] = 63, [64, 65] = ±61 + 264 


61 cxp^+2^j 


^^25,67^0 


[62, 63] = 61, [61, 65] = 2o6i, [62, 65] = 062 + 63, 
[63, 65] = -62 + 063, [64, 65] = 664 


A 

64 


^5.26 


[62 , 63] = 61 , [ei , 65] = 2oei , [62 , 65] = O62 + 63 , 

[63, 65] = -62 + O63, [64, 65] = ±61 + 2064 


61 cxp^+2a— ^ 


^6.27 


[62,63] = 61, [61,65] = 61, [63,65] = 63 +64, 
[64, 65] =61+64 


I 64N 


^5.28 


[62,63] = 61, [61,65] = O61, [62,65] = (O- 1)62, 

[63, 65] = 63 + 64, [64, 65] — 64 


61 


^5.29 


[62, 64] = 61, [61, 65] = 61, [62, 65] = 62, [64, 65] = 63 


63 


^5.30 


[62,64] = 61, [63,64] = 62, [61,65] = (0 + l)ei, 

[62, 65] = O62, [63, 65] = (0 - 1)63, [64, 65] = 64 


{el - 26163)"+^ 

„2a 
'-1 


^6.31 


[62, 64] = 61, [63, 64] = 62, [61, 65] = 361, 
[62, 65] = 262, [63, 65] = 63, [64, 65] =63+64 


{el - 2eiezf 
Ci 


^6.32 


[62, 64] = 61, [63, 64] = 62, [ei, 65] = 61, 

[62, 65] = 62, [63, 65] = O61 + 63 


2a ei - 26163 

61 exp 2 

^1 


■^r>.:«: 

a' -T- b~ ^ 


[61.64] = 61, [63.64] = O63. [62.65] = 62. 

[c:..,c,]=bc. 


<-:', 


^5.34 


[ei, 64] = O61, [62, 64] = 62, [63, 64] = 63, 
[61,65] = 61, [63,65] = 62 


62 63 

— exp — 

61 62 
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Algebra 


Nonzero commutation relations 


Invariants 


Aab 
^5.35; 


[ei , 64] = aei , [e2 , 64] = 62 , [c^ , 64] = 63 , 
[ei,e5] = &ei, [62,65] = — ea, [£3,65] = 62 


, „ ,,, exp[ — 26arctan — ) 


^5.36 


[62,63] = 61, [61,64] = ei, [62,64] = 62, 

[62,65] = -62, [63,65] = 63 


6263 + 6362 + 26165 

61 




[62.63] = 61. [61,64] = 261. [62.64] = 62, 
[(■3.6,4j = (:!. [(:2.65] = -(.^'J. /■3.6,5] = 62 


6i +6^ +26165 

6i 


^5.38 


[61,64] = 61. [62,65] = 62, [64,65] = ez 


63 


^5.39 


[61, 64] = 61, [62, 64] = 62, [61, 65] = —62, 
[62, 65] = 61, [64, 65] = 63 


63 


sl(2, R) e 2Al 


[61,62] =2ei, [61,63] = -62, [62,63] = 263, 

[61,64] = 65, [62,64] = 64, [62,65] = —65, [63,65] = 64 


{eie| - 626465 - 6365 


Ae.i 


[63,66] = 61, [64,6(i] = 62, [65,65] = 64 


61, 62, 6164 — 6263, 26265 — 64 


Ae.2 


[62,65] = 61, [63,6(i] = 62, [64,66] = 63, 
[65,60] = 64 


61, 26163 — €2, 2ei65 — 26264 + 63, 

36? 64 — 3616263 + 62 


A6.3 


[64,65! = 61, [64,6(i] = 62, [65,66] = 63 


61, 62, 63, 6166 + 6364 — 6265 


Aba 


[63,65] — 61, [64,66] = 61, [65,66] = 62 


61, 62 


^6.6) 

a^O 


[63, 65] = 61, [64, 65] = O62, [63, 65] = 62, 
[64, 65] — 61 


61, 62 


^6.6 


[64, 65] = 61, [63, 65] = 61, [64, 66] = 62, 
[65,65] = 63 


61, 62 


A6.7 


[64, 65] = 61, [63, 66] = 62, [64, 65] = 63 


61, 62 


A&.s 


[63, 65] = 61. [64, 6(i] = 62, [65, 65] =63 + 64 


61, 62 


^6.9 


[64, 65] = 61, [es, 65] = 61, [64, 65] = 62, 
[65, 66] = 64 


61, 62 


^e.lOi 

a / 


[63,65] = 61, [64,65] = 062, [63,65] = 62, 

[64,65] = 61, [65,65] = 64 


61, 62 


>l6.11 


[65,65] = 64, [64,65] = 63, [63,65] = 62, 
[64, 65] = 61 


61, 62 


^6.12 


[62, 65] — 61, [63, 65] — 61, [64, 65] = 63 


61, 26164 — 63 


^6.13 


[62,65] =61, [63,65] =61, [64,65] =63, 
[65, 65] = 62 


61, 26164 — es 


^6.14i 

a^O 


[62, 65] = 062, [64, 65] = 62, [63, 65] = 61, 
[64,65] = 63 


61, 62 + 063 — 2o6l64 


^6.16 


[62, 65] = 61, [63, 65] = 61, [64, 65] = 63, 
[65, 65] =62+64 


61, 26164 — 63 


^6.16 


[63,65] =61. [64,65] =62, [62,65] =61, 

[63,65] = 62, [64,65] = 63 


61, 62 + 3efe4 — 8616263 


Ai,17 


[62.65] = 61. [63,6(i] = 61, [64.65] = 63. 
[(■5. 6,i,j = 64 


61. 26i6l - 63 


Aa 
^6.18i 

a/0 


[62,65] = O6I, [64,65] = 62, [63,65] = 61, 

[64, 65] = 63, [65, 65] = 64 


61, 62 + O63 — 2O6164 


^6.19 


[64,65] = 61, [62,65] = 61, [63,65] = 62, 
[64, 65] = 63, [66, 65] = 64 


61, 62 — 26163 


^6.20 


[63, 65] = 61, [64, 65] = 62, [62, 65] = 61, 
[63,65] = 62, [64,65] = 63, [65,65] = 64 


61, 62 + 36164 — 3616263 


^6.21 


[63, 64] = 61, [63, 65] = 62, [64, 65] = 63, 
[62,65] = 61. [65,65] = 64 


61, 63 + 26165 — 26264 


^6.22 


[63,64] = 61, [63,65] = 62, [64,65] = 63, 
[62,65] = 61, [64,65] = 62, [65,65] = 64 


61, 26^ + 36l6i + 66?65 — 6616264 
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Table 2. Invariants of the real six-dimensional solvable Lie algebras with four-dimensional nilradials 



Algebra 


Non-zero commutation relations 


Invariants 


ATabcd 


[61,65] = aei, [62, 65] = fee2, [64, 65] = 64, 

[61,65] = C61, [62,65] = d62, [63,66] = 63, 

ac 0, b'^ + (i^ 


6364 ejel 
61 ' 62 


Ara6c 
-'V6.2 


[61, 65] = a6i, [62, 65] = 62, [64, 65] = 63, 
[61,65] = 661, [62,65] = C62, [63,65] = 63, 
[64, 65] = 64, + 6^ 7^ 


6^6^-' . 64 
, 6263 exp — 

61 63 




[61, 65] = 61, [62, 65] = 62, [64, 65] = 63, 

[61, 65] = a6i, [62, 65] = 61-1- O62, 

[63,65] = 63, [64,65] — 64 


63exp(-|) 


, 61 exp^ 


64 

63 


e2\ 
-0— j 

61/ 




[61, 65] = 61, [62, 65] = 62, [64, 65] = 63, 
[61,65] = 62, [62,65] = —61, [63,65] = 063, 

[64, 65] = 663 + ae4, a 7^ 


ef (6? + 6i)'"exp(-2og), 
63 exp^o arctan — ^ 




[ei, 65] = a6i, [63, 65] = 63, [64, 65] = 63 4- 64, 
[61, 65] = 661, [62, 65] = 62, ab^O 


, 63 exp 

61 


f 64 \ 
^ 63/ 










[61, 65] = 061, [62, 65] = 062, [63, 65] = 63, 

[64, 65] = 63 + 64, [ei, 65] = 61, [62,65] =61-1- 62, 

[64, 65] = 663, + 6^ / 


63 62 /,62 

— exp — , 63 exp 6 — 

61 61 \ 61 


64 \ 
63 




A 7-abc 
■'^6.7 


[61, 65] = 061, [62, 65] = O62, [63, 65] = 63, 

[64, 65] =63-1- 64, [61,65] = 6ei + 62, 

[62, 65] = -61 -1- 662, [64. Cfi] = C63, + 0^ ^0 


/ 64 
63 exp 

V 63 

(6? +6^)63'^ 


- c arctan — ] 
61 / 

exp ^26 arctan 




A^6.8 


[61, 65] = ei, [64, 65] = 62, [62, 65] = 62, 
[63, 65] =62-1-63, [64, 65] = 64 


6iexp(-J) 


, 62 exp ^ 


63 
62 


) 




[61, 65] = 61, [64, 65] = 62, [62, 65] = 62, 
[63, 65] = O62 -I- 63, [64, 65] =63-1-64 


6f exp)^""^" 


206264 \ 

6i } 


, 6§exp^ 


--) 

62/ 




[61,65] = 061, [62,65] = 62, [63,65] = 63, 

[64, 65] = 662 -1- 64, [61, 65] = 61, [63, 65] = 62, 

[64, 65] = 63 


62 63 26 f 63 

— exp — , 62 exp — 
61 62 V 


— 26264^ 

4 ) 






[62, 65] = 61, [63, 65] = 63, [64, 65] = 63 -|- 64, 

[61,65] = 61, [62,65] = 62, [63,65] = O63, [64,65] = 064 


64 62 el 
, — 

63 61 63 


62 

exp — 

61 








iwab 
-'^6.12 


[61, 65] = 61, [62, 65] = 61 + 62, [63, 65] = 63, 

[64, 65] = 63 + 64, [61, 65] = 63, [62, 65] = O61 — 663 -|- 64, 

[63, 65] = -61, [64, 65] = 661 -62-1- 063 


6164 — 6263 ^63 

5 = h arctan — , 

ef + 6§ 61 

6162 -1- 6364 63 1 2 , 2n 

2 2 ^ ^ arctan h - ln(ei -|- 63) 

G-^ ~|~ Cl ^ 


\Tabcd 


[61,65] = O61, [62,65] = 662, [63,65] = 64, [64,65] = —63, 
[61,65] = C61, [62,65] = de2, [63,65] = 63, [64,65] = 64, 

0^ eV 0, 6^ 


61(63 + el) " exp (2a arctan — 
62(63 + el) "''exp ^26 arctan — 




-'V6.14 


[ei, 65] = O61, [63, 65] = 663 + 64, [64, 65] = -63 + 664, 

[ei, 65] = C61, [62, 65] = 62, ac^O 


6162 oxp^o arctan — 
(63 + ei) exp ^26 arctai 


)■ 

1 '^"^ 
63 ^ 


1 


\Tabcd 
-'^6. 15 


[61, 65] = 61, [62,65] = 62, [63, 65] = O63 -1- 664, 
[64, 65] = -663 + O64, [61, 65] = C61 + 62, 

[62, 65] = —61 -I- C62, [es, 65] = de3, [64, 65] = de4, 6 7^ 


(ei -|- ei) expf ^ arctan — -I- 2c arctan —\ . 

\b 63 61/ 

(es + el) exp ( arctan — + 2d arctan — ) 

\ 6 63 61 / 




[62, 65] = 61, [63, 65] = 063 + 64, [64, 65] = -63 -1- 064, 
[61, 65] = 61, [62, 65] = 62, [63, 65] = 663, [64, Cfi] = 664 


iei + eDeT'" 


exp(^— 2o — J 


, — -1- arctan — 
61 63 


NS.17 


[61, 65] = O61, [62, 65] =61-1- O62, [63, 65] = 64, 
[64,65] = —63, [63,65] = 63, [64,65] = 64 


( 62 

61 exp —a — 

V 61 


], — + arctan — 
/ ei 63 
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Algebra 


Nonzero commutation relations 


Invariants 




[ei, 65] = 62, [62, 65] = -61, [63, er,] = 063 + 664, 
[64, 65] = —663 + 064, [61, 66] = ei, [e-z, Co] = 62, 
[63, 66] = 663, [64, 66] = 664, & 7^ 


arctan — — b arctan — , 
63 61 

(63 + 64) (61 + 62) exp^2o arctan — j 


iV6.19 


[61,65] = 62, [62,65] = -61, [63,65] = 61 +64, 
[64, 65] = 62 — 63, [61, 65] = 61, [62, 65] = 62, 

[63, 65] = 63, [64, ee] = 64 


6164 — 6263 6163 + 6264 ^ 64 

Q , ~r arctan 
ej + 6^ ej + 6^ 63 




[62, 65] — 062, [64, 65] — 64, [62, 65] = 662, 

[63, ee] = 63, [65, ee] = 61 


6364 

61, 

62 


N121 


[62, 65] = 62, [64, 65] = 63, [62, 66] = 062, 
[63, 66] = 63, [64, 65] = 64, [65, Be] = 61 


63 64 

61 , — exp — 

62 63 


-'^6.22 


[62, 65] = 61, [64, 65] = 64, [63, 66] = 63, 

\pa p«1 — npA [pc Pa] — fp-i p — 1 -\- ^ 


63 62 

ei , — cxp — 

64 Ci 


-'^6.23 


[e2, es] = ei, [es, es] = ea, [e4, es] = e4, [e2, ee] = aei, 

\p'> PcA — Pa \p a Pa\ = — Pq \P- Pel — PP\ P — 1 


ei, (el + 64) Gxp[ — 2— — 2a arctan — ) 

\ P-i Po ) 


Ne.24 


[63, 65] = 63, [64, 65] = 63 + 64, [62, 66] = 62, [65, 66] = 61 


61, 63exp^-|^j 


-'^6.26 


[62,65] = O62, [63,65] = 64, [64,65] = -63, [62,66] = 662, 
[63, 66] = 63, [64, 65] = 64, [65, 66] = 61, O^ + 6^ 7^ 


61, ei(63 +6l)~''exp(— 2o arctan — ) 

V 63 / 


-^6.26 


[63, 65] = 063 + 64, [64, 65] = —63 + 064, [62, 65] = 62, 

[65,66] = 61 


61 , (63 + 64) exp ^2o arctan — ^ 


iV|.27 


[62, 65] = 61, [63, 65] = 64, [64, 65] = —63, [63, 66] = 63, 
[64, 66] = 64, [65, 66] = £62, £ = 0, 1 


62 64 
61, h arctan — 

61 63 


iV6.28 


[62, 64] — 61, [63, 64] = 62, [61, 65] — 61, [63, 65] = —63, 
[64,65] = 64, [62,66] = 62, [63,6fi] = 263, [e4,e(i] = -64 


none 




[62, 63] = 61, [61, 65] = 61, [62, 65] = 62, [64, 65] = O64, 

[ei, 65] = 61, [63, ee] = 63, [64, 65] = 664, + 6 7^ 


none 




[62,63] = 61, [61.65] = 261, [62,65] = 62, [63,65] = 63, 

[64, 65] = O64, [63, 66] = 62, [64, 66] = 64 


none 




[62,63] = 61, [62,65] = 62, [63,65] = —63, [61,66] = 61, 
[63, 65] = 63, [64, 65] =61+64 


/ 64 \ 6263 + 6362 
^^""H ej'"^ 261 


Nq,32 


[62,63] = 61, [62,65] = 62, [63,65] = -63, [54,65] = 61, 
[61,66] = 61, [62,66] = 062, [63,66] = (1-0)63, [64,66] = 64 


none 




[62, 63I = 61, [61, 65] = 61, [62, 65] = 62, [ei, 66] = 61, 
[63, 66] = 63 + 64, [64, 66] = 64 


none 




[62, 63] = 61, [61, 65] = 61, [62, 65] = 62, [63, 65] = 64, 

[61, 66] = O61, [62, 65] = (0—1)62, [63, 65] = 63, [64, 66] = 64 


none 


njab 


[62,63] = 61, [62,65] = 63, [63,65] = —62, [64,65] = 064, 

[61, 66] — 261, [62, ee] = 62, [es, ee] = 63, [64, ee] = 6e4, 
o^ + 6 V 


^ , 265 if = 0, 

64 61 

none if a 7^ 


Ne.se 


[62, 63] = 61, [62, 65] = 63, [63, 65] = —62, [61, 66] = 261, 
[62, 66] = 62, [63, 66] = 63, [64, 66] = 61 + 264 


/ r,eA\ „ ei + ei 
61 exp —2 — ,266 

\ 61 / 61 




[62,63] = 61, [62,65] = 63, [63,65] = -62, [64,65] = 61, 
[61, 66] = 261, [62, 6b] = 62 + 063, [63, 66] = -O62 + 63, 
[64, 65] = 264 


none 




[62, 63] = 61, [61, 65] = 61, [62, 65] = 62, [61, 65] = 61, 
[63, 66] = 63, [65, ee] = 64 


6263 + 6362 , , , 

64, 65 + 66 + e4lnei 

2ei 


N6.39 


[62, 63] = 61, [62, 65] = 63, [63, 65] = —62, [61, ee] = 261, 

[62, 66] = 62, [63, 66] = 63, [65, 66] = 64 


g2 _|_ g2 
64 , — — 26b + 64 In 61 

61 




[62,63] = 61, [62,65] = 63, [63,65] = —62, [64,66] = 64, 
[65, 66] = 61 


61, 266 + 2ei lne4 

61 
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